In this paper we obtain results on the existence and uniqueness of a solution to a fractional nonlinear Cauchy problem containing the RiemannLiouville derivative, in a fractional counterpart of the set of R n -valued absolutely continuous functions. We also derive a Cauchy formula for the solution to the linear problem of such a type.
Introduction
In the paper, we consider the following fractional order Cauchy problem Detailed discussion about the existence and uniqueness results for problems of such a type is given in [12, Section 3.1] . We give here a brief overview of this discussion.
The main method of the investigation of such a problem consists in its reduction to the following nonlinear Volterra integral equation of the second kind:
(1.2)
For the first time such a method has been used in [16] in the case of n = 1, c = 0, and under assumption that f is bounded, continuous and Lipschitzian in the second variable in some region in R × R. In the case of arbitrary c ∈ R, this integral equation was investigated in [2] . Using the method of contractive mapping, the author proved there the existence and uniqueness of a continuous solution to (1.2) . Existence of a continuous local solution to (1.1) with n = 1, under the continuity assumption on f , has been obtained in [7] by means of the Schauder fixed point theorem. Under an additional Lipschitz type assumption on f and with the aid of the contractive mapping method, there the existence and uniqueness of a continuous global solution to (1.1) with n = 1 have been proved. Existence and uniqueness of a continuous local solution to (1.1) with n ∈ N, for f being continuous, bounded and Lipschitzian in the second variable is given in [17, Theorem 42.3] . Existence and uniqueness of a continuous global solution to (1.1) with n ∈ N and initial condition replaced by x(t 0 ) = b where t 0 > a, has been obtained in [9] by means of the contractive mapping method and under assumption that f is continuous and Lipschitzian in the second variable.
The continuity of f is not useful assumption for the applications in the (optimal) control theory. In the case of systems of integer order the useful is a Caratheodory approach, based on the notion of an absolutely continuous function (solution). We consider problem (1.1) in a "fractional" counterpart of the set of R n -valued absolutely continuous functions. In the monograph [12] , problem (1.1) with n = 1 is considered in such a space of solutions. The existence and uniqueness of a solution is obtained there under assumptions that f is summable in the first variable and Lipschitzian in the second one (cf. [12, Theorem 3.3] ). The proof of this result is based on the equivalence of (1.1) and (1.2) (this equivalence is derived in [12] ).
The results obtained for problem (1.1) and the methods of its investigations show that it is a full counterpart of the classical first order Cauchy problem
In [10] , a series of examples from the field of viscoelasticity is given to show that as we read, "initial conditions for fractional differential equations with Riemann-Liouville derivatives expressed in terms of fractional derivatives have physical meaning, and that the corresponding quantities can be obtained from measurements". In the recent literature (cf. [1] , [18] , [19] ) there are many results concerning the so-called weighted Cauchy problem
with n = 1; in [4] , periodic weighted problems are investigated. In [12, Lemma 3.2] a connection between the above initial condition and condition from (
3) with a constant c, then it satisfies the condition from (1.1) with the constant cΓ(α), and partially conversely, if [12] . Our assumptions are of the same type as in [12] but the method of our proof is different from that presented in [12] . We use some other integral equation (cf. the equation (3.2) below) and show its equivalence with (3.1). To prove the existence of a solution to this integral equation, we use the notion of Bielecki norm (cf. [5] ) in the space of summable functions and the contractive mapping method (the notion of the Bielecki norm, but in the space of continuous functions, is also used in [8] ). We obtain the existence and uniqueness of a solution to problem (1.1) combining the obtained result of such a type for problem (3.1) (Theorem 3.1) with some substitution. Theorem 4.2 contains a Cauchy formula for the solution to the linear problem
In the case of a single equation (n = 1) it reduces to a Cauchy formula derived in [3] for the above problem with n = 1; this formula and the mentioned connection between initial conditions from (1.1) and (1.3) give an appropriate formula for problem (1.3) (cf. [15] and also [6] for a linear homogenous equation).
To the best knowledge of the authors, existence and uniqueness of a summable solution to nonlinear problem (1.1) and Cauchy formula for such a solution to linear problem (4.2) with n > 1 have not been obtained yet.
Preliminaries
In this section, we give some definitions and basic facts concerning the fractional integrals and derivatives (for details, see [17] , [12] ).
By 
then the above function is defined and finite everywhere on (a, b).
Moreover,
We have 
It is easy to see that , b) a.e., and for α ∈ (0, 1)
e. if and only if there exists a constant d such that
provided that (I on (a, b) .
We also have
Nonlinear Cauchy problem
Let us consider the following homogenous Cauchy problem of order α ∈ (0, 1) 
and (cf. Theorem 2.1)
Now, using the Banach contraction principle we shall prove the following theorem.
summable, then problem (3.1) has a unique solution.
P r o o f. It is clear that it is sufficient to prove the existence of a unique fixed point of the operator
First, let us observe that Φ is well defined. Indeed, since the function
is measurable and
where k > 0 is a fixed constant. It is easy to see that this norm is equivalent to the classical one and consequently, L 1 ([a, b] , R n ) with the Bielecki norm is complete. The Lipschitz condition and Theorem 2.2 imply
Of course, Mk −α ∈ (0, 1) for sufficiently large k. Consequently, Φ has a unique fixed point. 2
Remark 3.1. As we said in Introduction, in the monograph [17] a theorem on the existence and uniqueness of a continuous local solution has been proved under an assumption of boundedness of f . Such an assumption is not suitable for the linear problem which we consider in the next section. We have replaced this assumption by the condition (b f ). Now, we consider the following nonhomogenous Cauchy problem
where , b) a.e. with some d ∈ R n } * ) satisfying the above equation a.e. on [a, b] and the initial condition.
It is easy to see that if x(·) ∈ I α a+ (L 1 ) is a solution to problem (3.1) with the function f of the form
then the function
So, we have on (a, b) ) and from the fact that g is measurable in t and continuous (in fact, Lipschitzian) in y. The fact that function f is Lipschitzian in x follows from the fact that g is Lipschitzian in y. Moreover, Now, let us assume that y 1 (·), y 2 (·) are solutions to (3.3) . Let us put
where f is given by (3.4) .
In the same way, 
Linear Cauchy problem
Let us consider a linear Cauchy problem of type (1.1) with c = 0, i.e.
where
. From the proof of this theorem it follows that this solution is given by
So, ϕ * = Φ(ϕ * ) and, in consequence,
Using the mathematical induction principle one can show that
for any m ∈ N, where
Let us observe that for sufficiently large m ∈ N In an elementary way we check that
This means that
Consequently, 
